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We investigate the amount of entanglement and quantum discord extractable from a two mode
squeezed state as considered from the viewpoint of two observers, Alice (inertial) and Rob (acceler-
ated). We find that using localized modes produces qualitatively different correlation properties for
large accelerations than do Unruh modes. Specifically, the entanglement undergoes a sudden death
as a function of acceleration and the discord asymptotes to zero in the limit of infinite acceleration.
We conclude that the previous Unruh mode analyses do not determine the acceleration dependent
entanglement and discord degradation of a given quantum state.
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–Introduction. The quest to understand the nature of
entanglement in accelerated frames has recently taken a
new turn. After it was realized that the entanglement
degradation found in previous studies [1] of Unruh mode
entanglement in non-inertial frames had to be reinter-
preted, a new programme to understand this problem
from a localized perspective was initiated [2, 3]. Our
current work bridges results recently found with local-
ized Gaussian modes with those previously obtained us-
ing Unruh modes.
While previous studies have been mainly focussed on
investigating the effects of acceleration on initially entan-
gled Fock states [1, 4–7], calculations involving localized
modes quickly become challenging in this setup and there
is some evidence that these problems are computationally
difficult [8]. Using two-mode squeezed states instead al-
lows us to do much more [3]. While these states have been
previously considered in the context of entanglement in
non-inertial frames under the single mode approximation
[9], such analysis is not transferrable to localized modes
[3]. Since closed form expressions for logarthmic nega-
tivity [10] and (Gaussian) quantum discord [11] can be
calculated from the parameters of the covariance matrix,
it is opportune to take advantage of the analytic expres-
sion for the covariance matrix calculated in [3] to gain
further insight into the nature of quantum information
in accelerated frames.
Discord [12] is a generalized measure of quantum cor-
relations that, for a mixed state, can be nonzero even if
the state is separable. It is computed by an optimiza-
tion procedure over all possible measurements that can
be performed on one of the subsystems, and in the Gaus-
sian case [11] the optimization is restricted to Gaussian
measurements only. Although entanglement is often the
primary resource for many quantum computational pro-
cedures, it is now understood that quantum discord can
also take operational significance and can be used as a re-
source for mixed-state quantum computing, even in the
absence of entanglement [13]. Therefore understanding
the robustness of both entanglement and discord in non-
inertial frames is an important goal of relativistic quan-
tum information theory. A common theme in the liter-
ature on discord is that it appears to be more robust in
the face of decohering noise than is entanglement, and
previous studies of discord in non-inertial frames [6, 7]
have shown that its degradation due to the contribution
from the vacuum excitations is weaker than or compa-
rable to that of entanglement, depending on the specific
measure being considered.
In this paper we look at the maximal amount of quan-
tum correlations that can be extracted from a fixed quan-
tum state observed by two observers, one of whom is ac-
celerating. We use this optimum measurement strategy
to study differences between localized [3] and unlocalized
[4–7] modes in the correlations measured. In comparing
localized Gaussian modes and global Unruh modes, we
find two interesting differences. In the localized case the
entanglement undergoes sudden death as a function of
acceleration which was unknown in the previous litera-
ture. Secondly, for localized modes the discord vanishes
for both Alice and Bob in the limit of infinite accelera-
tion, a result which was also absent in the previous liter-
ature, see for example [6]. These differences suggest that
previous results from global mode analyses should not be
expected to be seen in real experiments on acceleration-
dependent entanglement degradation of a given state.
We also consider the quantum correlations of Unruh
modes as a function of Unruh frequency. It was shown
[6] for entangled Fock states in the limit of zero Unruh
frequency [4, 5], that while the state is separable the
quantum discord, as computed by optimizing over mea-
surements on Alice’s subsystem, does not vanish. We
find the same behaviour for a two-mode squeezed state.
We then go beyond this and find that the discord when
the measurements are optimized over Rob’s subsystem in
fact vanishes. Hence there is a fundamental asymmetry
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2to quantum discord in non-inertial frames, a fact hith-
erto unrealized because of the computational challenges
involved in optimizing the measurement over Rob’s sub-
system in the entangled Fock state setting.
–Set up. Consider an arbitrary state of the field of
two modes aˆ and bˆ, where aˆ (bˆ) is the annihilation oper-
ator associated with Alice’s (Bob’s) mode defined by the
classical, possibly unlocalized, wave-packet φA (φB). To
form valid annihilation operators (upon quantization of
the field) we assume that φA and φB are superpositions
of positive frequency Minkowski plane waves only.
Our intention is to view this state from the perspective
of two observers: Alice who is inertial and has access to
mode φA, and Rob, who is uniformly accelerated but who
only has (partial) access to Bob’s part of the state φB , see
Fig. 1. Under accelerated motion the Minkowski vacuum
state undergoes a well-known squeezing transformation
[14] which in general mixes up Alice’s and Bob’s modes.
To ensure that the accelerated observer can distinguish
Bob’s subsystem from Alice’s we further assume that φA
and φB are distinguished by their parity taking Alice’s
(Bob’s) mode to be a left (right) mover.
For the Bell-type entangled Fock state commonly used
in previous analyses [1, 4, 6] the considered state is given
by (1 + aˆ† ⊗ bˆ†)|0〉M , however, here we are primarily in-
terested in the two-mode squeezed state which takes the
form exp
[
s(aˆ†bˆ† + aˆbˆ)
]
|0〉M , with squeezing parameter
s. Recall that a (zero mean) Gaussian state is fully char-
acterized by its second quadrature moments, given by the
covariance matrix σij ≡ 〈XˆiXˆj+XˆjXˆi〉, where for a two-
mode system Xˆ = (xˆA, pˆA, xˆB , pˆB) and the quadrature
operators of a given mode are related to the annihilation
and creation operators of that mode by xˆ = (aˆ+ aˆ†)/
√
2
and pˆ = −i(aˆ− aˆ†)/√2.
We suppose Alice (Rob) is in the possession of an iner-
tial (accelerating) detector that couples to a mode of the
field ψA(x, t) (ψR(ξ, τ)). We use the family of conformal
Rindler coordinates (ξ, τ) parameterized by a (in units
c = 1):
t = a−1eaξ sinh aτ, x = a−1eaξ cosh aτ, (1)
to cover the region of Minkowski space accessible to
Rob and assume that he moves along the line ξ = 0
so that a corresponds to his proper acceleration and τ
to his proper time. The covariance matrix of the state
exp
[
s(aˆ†bˆ† + aˆbˆ)
]
|0〉M as observed by Alice and Rob was
calculated in [3] and is given by:
σ = 1 + 2〈nˆU 〉

0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1
+ 2 sinh2 s

|α|2 0 0 0
0 |α|2 0 0
0 0 |β + β′?|2 2 Im(ββ′)
0 0 2 Im(ββ′) |β − β′?|2

+ sinh 2s

0 0 −Re[α(β + β′?)] −Im[α(β − β′?)]
0 0 −Im[α(β + β′?)] Re[α(β − β′?)]
−Re[α(β + β′?)] −Im[α(β + β′?)] 0 0
−Im[α(β − β′?)] Re[α(β − β′?)] 0 0
 , (2)
where α ≡ (ψA, φA), β ≡ (ψR, φB), β′ ≡ (ψR, φ?B),
the bracket is the usual Klein-Gordon scalar product,
(f, g) = i
∫
f∗
←→
∂ tg|t=0dx, and:
〈nˆU 〉 =
∫ |(ψR, wIk)|2
e
2pi|k|
a − 1
dk, (3)
is the average particle number Rob would measure if he
were accelerating through the Minkowski vacuum. wIk =
1√
4pi|k|e
i(kξ−|k|τ) is the region I positive frequency Rindler
mode.
We assume that Alice’s detector ψA perfectly detects
the mode φA, i.e., ψA = φA, and for each acceleration
Rob chooses a detector that maximizes the entanglement
extracted from the considered state. It has been shown
in [3] that the optimization over Rob’s detector is limited
by the amount of the state that Rob can observe due to
the presence of the event horizon. Rob’s optimal mode
for a given acceleration is given by [3]:
ψR =
∫∞
Λ
dk(wIk, φB)wIk√∫∞
Λ
dk|(wIk, φB)|2
, (4)
where Λ is the cut-off frequency of the detector [15]
For this choice of Alice’s and Rob’s detectors α = 1
and:
β =
√∫ ∞
Λ
dk|(wIk, φB)|2, (5)
〈nˆU 〉 = β−2
∫ ∞
Λ
sinh2 rk/a|(wIk, φB)|2dk, (6)
β′ = β−1
∫ ∞
Λ
(wIk, φB)(wIk, φ
?
B)dk, (7)
where rΩ = arctanh(e−piΩ).
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FIG. 1. (Color online) A schematic of the type of setup we
consider. A two-mode squeezed state is produced from a
non-linear crystal in two Gaussian modes φA (Alice) and φB
(Bob). An observer Rob accelerating with constant proper
acceleration a in the x-direction carries a detector that makes
measurments of the field in a mode ψR at time t = 0 when
his velocity, v, is zero.
A local mode for Bob is specified by introducing an in-
frared cutoff in the frequencies, selecting only right mov-
ing waves and then renormalizing the following Gaussian
mode:
φ(x, 0) =
1√
N
√
2pi
exp
[
− x
2
L2
+ i
N
L
x
]
∂tφ(x, 0) = −iN
L
φ(x, 0), (8)
where L characterizes the width of the mode, N/L is the
characteristic frequency of the mode and the cut-off Λ is
device dependent. Therefore Bob’s mode is given by:
φB(x, t) = |Nφ|
∫ ∞
Λ
(ul, φ)ul(x, t)dl (9)
which is a superposition of strictly positive frequency
Minkowski waves. Numerical checks show that this wave
packet is Gaussian-like and localized about x = 0.
We assume that an accelerated observer, Rob, passes
through the centre of this mode at t = 0 therefore
we choose the origin of the Rindler frame accordingly.
Equivalently we can keep the accelerated frame fixed and
translate the mode φB(x)→ φB(x− 1/a).
Using:
(ul, φ) =
N + |l|L
2
√
|l|N√2pi
e−
(lL−N)2
4 , (10)
(wIk, ul) =
i
2pi
e
pik
2a√|kl|
(
l
a
)ik/a
Γ(1− ik
a
), (11)
(wIk, u
?
l ) = e
−pik/a(wIk, ul), (12)
substituted into:
(wIk, φB(x− 1a )) = |Nφ|
∫ ∞
Λ
dle−
il
a (ul, φ)(wIk, ul), (13)
(wIk, φB(x− 1a )?) = |Nφ|
∫ ∞
Λ
dle
il
a (ul, φ)
?(wIk, u
?
l ), (14)
and eventually put into (5)-(7) the quantities β, β′ and
〈nˆU 〉 for the localized mode can be calculated numeri-
cally.
In [2, 3] an explicit detector model was used which
was assumed to have finite extent L and perform mea-
surements of the field at t = 0. The detector cut-off
wavelength, 1/Λ, was therefore naturally related to the
size of the detector, since wavelengths larger than this
would be difficult to resolve. It was further assumed that
the whole detector was approximately accelerating at a
constant proper acceleration, which placed the constraint
aL 1 on the magnitude of accelerations that could be
explored for a given size of the mode. Here go beyond
this limit, and in particular investigate large accelera-
tions. To do so we assume that the detector can focus
Bob’s mode, φB , down to a size small enough so that it
is measured in a small neighbourhood about the centre
of the detector, ξ = 0 [16]. This position corresponds to
the path followed by the hypothetical point-like acceler-
ated observer Rob. Thus, while the focussing lens and
other detector components are assumed to be rigid, the
measurement itself takes place in a region where the ac-
celeration and proper-time have an approximately unique
value.
–Entanglement. For two-mode Gaussian states the en-
tanglement as measured by the logarithmic negativity is
given by [17]:
EN = max (0,− ln ν˜−) , (15)
where ν˜± =
√
(∆±√∆2 − 4 detσ)/2 are the symplectic
eigenvalues of the partially transposed covariance matrix
and ∆ = σ11σ22−σ212 +σ33σ44−σ234−2σ13σ24 +2σ14σ23.
In the large acceleration limit, the center of Bob’s
Gaussian mode asymptotes to the position x = 0 and the
penetration of the mode through the horizon stabilizes to
an approximately constant value i.e., half of Bob’s mode
is located outside Rob’s horizon. On the other hand the
average vacuum particle number continues to grow lin-
early. This happens because the number of Unruh parti-
cles from the vacuum follows a Bose-Einstein distribution
4with most of the particles in modes below the frequency
k < a; at low accelerations these modes are below the
cutoff and therefore unobservable, but as the accelera-
tion increases more and more particles come into range
of the detector. Eventually at infinite acceleration, there
will be an infinite number of particles in the mode. The
interplay of these two behaviors leads to an interesting
conclusion not previously realized in global mode studies
of the entanglement degradation in non-inertial frames:
the entanglement extractable by Alice and Rob for large
enough acceleration will always lead to an entanglement
sudden death. To see this we note that the state becomes
separable when the smallest symplectic eigenvalue of the
partially transposed state, ν˜−, is unity [10] i.e., when,
∆ = 1 + detσ. For our covariance matrix this implies:
|β|2 = 〈nˆU 〉
(
1− |β
′|2
1 + 〈nˆU 〉
)
. (16)
In the considered range of parameters |β′|2 is small and
so the entanglement sudden death occurs, for all values
of initial squeezing, when the average vacuum particle
number is approximately as large as |β|2.
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FIG. 2. (Color online) A plot of logarithmic negativity EN
(blue, solid), discord D(A : B) (green, dashed) and discord
D(B : A) (red, dotted) as functions of acceleration, where
the state being considered is the two-mode squeezed state,
with squeezing parameter s = 1, and with Bob’s mode in the
localized Gaussian, φB(x − 1a ) with N = 6 and cut-off value
chosen to ΛL = 1
3
. We see that, unlike when Unruh modes are
used, the entanglement experiences sudden death at a finite
acceleration. The quantum discord, however, remains even
beyond this point of entanglement extinction.
In Fig. 2 we compute the logarithmic negativity for
the localized state as a function of acceleration up to
aL = 70. The results of this calculation confirm that
the entanglement in this state experiences sudden death
at a finite acceleration. This is in stark contrast to the
entanglement behavior when considering Unruh modes,
which we will now elaborate.
Typically, in the literature on entanglement degrada-
tion in non-inertial frames, either plane wave modes [4, 5]
are used in which the inaccurate single-mode approxima-
tion is applied or Unruh modes are used [1] in which for-
mally the same Bogolyubov transformation occurs but
the approximation doesn’t have to be invoked. How-
ever in the latter approach the analyzed entanglement
degrades as a function of the frequency of the consid-
ered Unruh mode and cannot be directly interpreted as
entanglement degradation due to the acceleration of the
observer, which we will now show.
A typical example of an Unruh mode uΩ(x, t) studied
in the literature is:
uΩ ∼
(
x− t
lΩ
)iΩ
, (17)
with the modes parameterized by a dimensionless index
Ω and where lΩ is an arbitrary Ω-dependent constant that
has units of length and defines a global phase of the mode.
In previous studies [1] the state typically considered was
(1 + aˆ† ⊗ bˆ†Ω)|0〉M where bˆΩ is the annihilation operator
corresponding to the Unruh mode and the entanglement
observed by Alice and Rob was calculated as a function of
Ω. Since Unruh modes are orthogonal (uΩ, uΩ′) = δ(Ω−
Ω′) the initial state was being changed to an orthogonal
one as Ω was being varied.
However it is possible to fix the state with a given index
Ω0 and study how much entanglement can be extracted
by Alice and Rob from that state as a function of Rob’s
acceleration. For any acceleration a we calculate Rob’s
optimal mode using (4). We find that the result is just
the Rindler mode:
ψR = wIk, (18)
where Rob has to tune the frequency of that mode to
k = aΩ0. The fact that the optimal mode turns out to
be global is an inevitable consequence of using global, un-
physical Unruh modes of the state. We therefore see that
in the limit of an infinitely sized detector the optimial de-
tection model introduced in [2] becomes equivalent to the
preparation and measurement schemes that were previ-
ously employed to study entanglement degradation in the
case of Unruh mode entanglement [1].
Moreover we find that the overlap between (17) and
(18) does not depend on acceleration. Since any measure
of entanglement depends only on this overlap, the max-
imal entanglement accessible by Alice and Rob does not
depend on Rob’s acceleration:
EN (a) = constΩ0 , a > 0. (19)
The same thing happens when Alice and Bob prepare
a two-mode squeezed state exp
[
s(aˆ†bˆ†U + aˆbˆU )
]
|0〉M . In
5this case, we can explicitly calculate all the parameters
(5)-(7) that go into formula for the entanglement (15)
and find:
β = cosh rΩ0 , (20)
〈nˆU 〉 = sinh2 rΩ0 , (21)
β′ = 0. (22)
Equations (20)-(22) are only dependent on the fixed, di-
mensionless parameter Ω0, therefore the acceleration de-
pendence results in a flat line for the entanglement pro-
file.
The above results are in a stark contrast with all
the previous results on entanglement degradation due
to acceleration. We conclude that the above-mentioned
dependencies are observed only because the entangled
states of Unruh modes under consideration were not fixed
but varied with Ω.
–Gaussian quantum discord. We now investigate the
non-classical correlations using quantum discord. The
Gaussian quantum discord, involving optimization over
Gaussian measurements on subsystem B, was found in
[11] to be:
D(A : B) = f(
√
B)− f(ν−)− f(ν+) + f(
√
E), (23)
where ν± are the (non-partially transposed) symplec-
tic eigenvalues of the covariance matrix (2), f(x) =(
x+1
2
)
log
[
x+1
2
]− (x−12 ) log [x−12 ] and:
E =

2C2+(−1+B)(−A+ detσ)+2|C|
√
C2+(−1+B)(−A+ detσ)
(−1+B)2 for ( detσ −AB) 2 ≤ (1 +B)C2 (A+ detσ) ;
AB−C2+ detσ−
√
C4+(−AB+ detσ)2−2C2(AB+ detσ)
2B otherwise,
where A = σ11σ22 − σ12σ21; B = σ33σ44 − σ34σ43; C =
σ13σ24 − σ14σ23. The physical meaning of these terms
is as follows: f(
√
B) is the von Neumann entropy of the
reduced state of B, f(ν−) + f(ν+) is the entropy of the
global system, and f(
√
E) is the entropy of the subsystem
A after a Gaussian measurement has been performed on
B, where the measurement is chosen to minimize this
quantity (i.e. learn the most possible about A).
It is worth noting that discord is not symmetric be-
tween A and B; in general D(A : B) 6= D(B : A) and
one can find states that have zero quantum discord in
one direction but not in the other.
Note that while there is circumstantial evidence that
Gaussian measurements are optimal for Gaussian states
[18], there is no proof of this in general and so it is pos-
sible that the Gaussian discord generally overestimates
the true value of discord. Using equation (23) we investi-
gate the quantum discord of localized Gaussian modes for
larger accelerations. We computed that in the aL → ∞
limit the discord vanishes either when the optimized mea-
surement is over AliceâĂŹs subsystem or when the opti-
mized measurement is over RobâĂŹs subsystem. This is
different from the results found previously [6].
We note that in the original paper by Datta [6] the
single mode approximation was invoked and superposi-
tions of Fock states were used as the initial state. Since
it was shown in [1] that the single mode approximation is
inaccurate, we will reinterpret Datta’s results by replac-
ing the plane wave mode with that of an Unruh mode.
In this case the degradation effects are parameterized by
the frequency of the initial Unruh mode rather than the
acceleration. We will now investigate the discord for Un-
ruh modes in the two-mode squeezed state as a function
of this initial Unruh mode frequency.
Fig. 3 shows the quantum discord (both D(A : B) and
D(B : A)) as a function of z ≡ e−2piΩ = 〈nˆU 〉/(〈nˆU 〉+ 1)
where the function z has been chosen to rescale the entire
frequency domain down to the unit interval. These were
computed using the parameters (20)-(22) input in the co-
variance matrix of [3] and using the Gaussian discord as
given by [11]. We see that as Ω→ 0 (z = 1) the discord
D(B : A), asymptotes to a finite value. These results
match the behavior previously observed using the Unruh-
mode Fock states [6]. We also find an analytic expres-
sion for this residual discord as a function of the squeez-
ing parameter: limΩ→0D(B : A) = 2 log(coth s) sinh2 s.
Curiously, this function quickly asymptotes to a value
of 1/ ln 2 for large squeezing values s. This means that
even though the correlations could be arbitrarily large
in the inertial frame (arbitrarily large squeezing), in the
accelerating frame they will always be bounded. On the
other hand, we observe that when the optimized mea-
surement is over Rob’s subsystem, the discord D(A : B)
decays to zero in the Ω → 0 limit. It is worth pointing
out that this novel result is computationally intractable
in the analogous Fock state scenario.
After the first version of this paper appeared the re-
sults of [19] were brought to our attention. In this recent
work the discord was calculated for a two-mode squeezed
state in the Unruh mode setting. We have verified that
using an Unruh mode initial state and the optimal de-
tector mode (18) in our setting, the covariance matrix
(2) becomes identical to the one found in [19] after ac-
counting for the different squeezing definition s → −s
6and making the replacement r = Arcsinh(
√〈nˆU 〉) which
follows from equation (21). However, it should be noted
that the discord calculated in [19] was a Renyi entropy
characterized by α = 2, whereas α = 1 corresponds to
the usual von Neumann entropy that we have used here.
For this reason we obtain different numerical values for
the discord. Nevertheless the same qualitative features
are present.
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FIG. 3. (Color online) A plot of logarithmic negativity EN
(blue, solid), discord D(A : B) (green, dashed) and discord
D(B : A) (red, dotted) as functions of z = e−2piΩ, where
the state in consideration is a two-mode squeezed state using
Unruh modes with squeezing parameter s = 1. We see that
EN and D(A : B) decay to zero as Ω→ 0 whereas D(B : A)
asymptotes to a finite value.
Somewhat surprisingly we have shown that in the
Ω→ 0 limit some correlations between Alice’s and Rob’s
measurements remain even though the average vacuum
particle number (i.e., noise contaminating Rob’s mea-
surements) becomes infinite. This occurs because of the
relationship between β and 〈nˆU 〉 for Unruh modes (20)-
(21), which in the limit Ω → 0, becomes β ≈ √〈nˆU 〉.
Thus the off-block-diagonal terms (i.e. those that repre-
sent correlations) in the covariance matrix (2) increase
as
√〈nˆU 〉 comparably with some of the diagonal terms.
There is another instance of when the average vacuum
particle number becomes infinite in a completely different
setup. This happens in the localized Gaussian scenario
in the limit of infinite acceleration. However, in this case
the correlation entries remain small (compared with the
average vacuum particle number) and therefore no dis-
cord remains.
The realization that there is a qualitative difference be-
tween the localized and delocalized settings is important
because of the considerable amount of work in the litera-
ture that uses delocalized Unruh modes in order to study
acceleration-induced entanglement degradation. The use
of these modes is for computational ease and it has been
argued that they should produce qualitatively the same
behavior as would more realistic, localized setups. We
have demonstrated here that this is in fact not the case.
–Conclusions. We have used the formalism developed
and explored in [2, 3] to study the Unruh-degradation of
quantum correlations in two-mode squeezed states, and
in particular to understand the difference between the
cases of localized Gaussian modes and the delocalized
Unruh modes so often used in the literature [6, 7, 20].
Although most past studies that used Unruh modes did
so with Fock states, rather than squeezed states, we have
shown that the degradation of quantum correlations are
qualitatively equivalent between the two cases. In re-
gards to this we have found that the non-vanishing quan-
tum discord previously observed in the case of a zero fre-
quency Unruh mode, appears only to be true when the
optimized measurement is over Alice’s subsystem but not
so when it is over Rob’s.
Comparing the cases of localized and delocalized
modes reveals qualitatively different results, indicating
that many of the conclusions presented in previous liter-
ature [20] may have to be reconsidered. In particular we
have found in the localized modes that the entanglement
reaches a point of sudden death at a finite acceleration,
and that the quantum discord vanishes in the infinite
acceleration limit (both D(A : B) and D(B : A)).
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